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Abstract 
We study the pseudo-one-factorization of regular graphs of odd order. It is shown that some 
classes of products (including composition and Cartesian product) of graphs are pseudo-one- 
factorizable. In particular, we prove that a complete regular t-partite graph of odd order has this 
property. 
1. Introduction 
All graphs we deal with are finite and simple. A graph is called k-regular if all its 
vertices have the same valency k. A k-regular graph of order n will be called 
a (k, n)-graph. A k-factor in a graph G is a k-regular spanning subgraph of G. 
A one-factorization of G (briefly OF(G)) is a set of l-factors that partition the 
set of edges of G. For a general discussion on the theory of one-factorizations, the 
reader is referred to [6]_ It is well known that a regular graph of odd order contains 
no OF (e.g., see [ll]). Hence, it is interesting to generalize the concept of one- 
factorizations to regular graphs of odd order. We now proceed to give some 
definitions. 
A clique of a graph G is a complete subgraph K of G. If K has k vertices, we call it 
a clique of order k or a k-clique. If k = 1 then K is just a vertex, if k = 2 we refer to K as 
an edge and if k = 3 we refer to K as a triangle. A (1-2)-factor of G is a collection C of 
cliques of order at most 3 such that each vertex of G is in exactly one member of C. 
A (1-2)-factor C is often represented by its set of cliques of order at least 2. The 
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irregular strength of a (1-2)-factor C is the number of cliques in C other than edges. 
A (1-2)-factorization of G is a set of (1-2)-factors of G that partition the edge set of G. 
A pseudo-l-factor of G is a (1-2)-factor in G with irregular strength 1. In particular, 
a pseudo-l-factor in G without a triangle is called a near-l-factor. A near-one- 
factorization of a complete graph Kz,,_ 1 is a set of near-l-factors that partition the set 
of edges of Kz,, _ 1. It is well known that one-factorizations of Kz. and near-one- 
factorizations of Kz,,- 1 coexist. An almost-pseudo-l-factor of G is a (1-2)-factor in 
G with irregular strength 3. Hence, there are four different types of almost-pseudo- 
l-factors in a graph, depending upon the number of triangles it contains. A pseudo- 
one-factorization of a (k, n)-graph G (briefly PSOF( G)), where n is odd, is a collection 
F of k pseudo-l-factors of G that partitions the set of edges of G, with the exception 
that one member in F is an almost-pseudo-l-factor when k = 2 (mod 4). It can be easily 
checked that any PSOF of a (k, n)-graph contains r k/4 1 triangles, where r xl is the 
ceiling function. 
The composition (or wreath product) of two graphs G and H, G(H), is derived from 
G by replacing each vertex of G by a copy of H and each edge in G by a copy of the 
corresponding complete bipartite graph. The Cartesian product G x H of graphs G and 
H is defined as follows: V( G x H) = V(G) x V(H), and two vertices (a, b) and (x, y) are 
adjacent in G x H if and only if either a = x and b wy in H, or a ox in G and b = y. 
Clearly, G(H) and G x H are regular graphs (of odd order) if and only if both G and 
H are regular graphs (of odd order). 
In Section 2 we give some preliminary results. The pseudo-one-factorization of
Cartesian product and composition is considered in Sections 3 and 4, respectively. 
2. Some preliminary results 
Throughout this paper, whenever we say a (k, n)-graph G is factorizable, we mean 
that G is one-factorizable (i.e., G contains an OF) if n is even and G is pseudo- 
one-factorizable (i.e., G contains a PSOF) if n is odd. Using this convention and the 
definition, we have the following results. 
Lemma 2.1. A k-regular graph G of odd order is factorizable if and only if G contains 
conly one odd component and each of its components is factorizable. 
The earliest result concerning the PSOF of a graph is that in [7], where the authors 
proved that any complete graph of odd order contains a PSOF. Further results can be 
seen in [12]. In particular, we will need Lemmas 2.2-2.4, given in [12]. 
Lemma 2.2. Suppose G is a (2n - 2)-regular graph of order 2n + 1, where n > 3. If G” is 
connected, then G contains a PSOF. Moreover, if n is even, and G” has a unique odd 
component C and C is not a triangle, then G contains a PSOF. 
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Lemma 2.3. Suppose that the graph G is a union of edge-disjoint spanning regular 
subgraphs HI and Hz. If both HI and H2 have a PSOF, and at least one of them has 
degree k = 0 (mod 4), then so does G. 
Lemma 2.4. Zf G is a factorizable, k-regular graph of odd order n, where k> 8, then 
G can be written as a union of edge-disjoint spanning subgraphs each of which has 
a PSOF: 
G=HIvHzu ... uH,. 
And 
(i) if k = 0 (mod 4), then each Hi is 4-regular; 
(ii) ifk = 2 (mod 4), then HI is r-regular, where r is either 2,6 or 10, and Hi is 4-regular 
for 2<i<t. 
Let H be a (2t + 1,2t + 4)-graph, where t 2 1, so that H” contains 2 components, one 
of which is a triangle. Cousins and Wallis [l] exhibited an interesting OF of H. The 
following is an alternative way of describing their construction (hence, their construc- 
tion may be interpreted as a generalization of the ‘starter’ construction of an OF of the 
complete graph). 
Let ZZf+l=(O, 1, . . . . 2t), V(H)=Zzt+I US, where S=(a,b,c} is called the 
starter of the construction. Let the 2t + 1 points in Zzt+ 1 be equally spaced around 
the circle, S being the center of the circle. For 0~ id 2t, we let Fi+,= {(i-j, 
i+j)12<j<t)u(( a, i - l), (b, i), (c, i + l)} (note that the edge (i, i + 1) is contained in Fi 
for any O<i<2t). Then 9 =(FilO<i<2t} forms an OF of a (2t+1,2t+4)-graph 
H so that H” contains 2 components, one of which is the triangle S and the other is the 
cycle {0,2,4 ,..., 2t,1,3 ,..., 2t-1). 
Applying the above construction and its notations, we have the following 
theorem. 
Theorem 2.5. Let G be a (2t +2, 2t + 5)-graph, where t 3 1, so that G” contains two 
components, one of which is a triangle. Then G contains a PSOF. 
Proof. Let f = { Fi IO < i < 2t) denote the OF of the (2t + 1,2t +4)-graph H construc- 
ted above. We now construct a PSOF 9’={ F/(O<i<2t) u {F’,} of 
a (2t + 2,2t + 5)-graph G so that G” contains 2 components, one of which is the triangle 
S. Since (i,i+l)EFi, we may assume Ff=Fi\((i,i+l)} for Ogig2t. 
We then define 
Fi* u { (00, i>> if i = 2 (mod 4), 
F ,,,= F:u{(co,i,i+l)} if i=3(mod4), 
I F: u {(co, i+ l)} if i = 0 (mod 4), 
Fi if i = 1 (mod 4). 
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The details of the construction depend on the residue oft modulo 4, but the basic idea 
is the same in the four cases. 
Case 1. t E 3 (mod 4). 
We will use the fact that (b, t + 2)M1, (c, l@F,, (t, t + 3)eF,+ 1. The construction of 
F: is as follows: 
(i) For 2Gi<t-2, we define Ff=F,!‘. 
(ii) For t + 3 < i < 2t, we define 
if i = 2 (mod 4), 
if i E 3 (mod 4), 
if i=O(mod4), 
if i E 1 (mod 4), 
(2.1) 
with 
F;=F,* u {(m,O)), 
F;=FI u {(d#\((bJ+2)), 
F;_l=F,_l, 
K=F, u {(Qc, l)}\{(c, I,>, 
F:+I=F,+I u ICC% ~)~\~(~~~+3)~~ 
F:+,=F:+, u {C% t+2,t+3)}, 
Fb,={(O,l),(a,co),(t-l,t+l),(b,t+2),(t,t+3)} 
u{(i,i+l)leither 2<i<t-3 is even, or t+4<i<2t--1 is odd}. 
Then we can easily check that 9’={ FiIO<i<2t} u { F’,} is a PSOF of a 
(2t +2, 2t +5)-graph G so that G’ contains two components, one of which is the 
triangleSandtheotheristhecycle{0,2 ,..., t-l,co,t+l,t+3 ,..., 2t,1,3 ,..., 2t-1). 
Example 2.1. Using Fig. 1, we can construct an OF of a (7,10)-graph H so that H’ 
contains two components, one of which is the triangle S = {a, b, c} as illustrated below: 
Fo FI F2 F3 F4 F5 f-6 
a3 a4 a5 a6 a0 al a2 
b4 b5 b6 b0 bl b2 b3 
c5 c6 CO cl c2 c3 c4 
62 03 14 25 36 40 51 
01 12 23 34 45 56 60 
The PSOF of a (8,11)-graph G so that G’ contains two components, one of which is 
S = {a, b, c> and the other is the cycle {0,2, co, 4,6,1,3,5}, is constructed as follows. 
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Fig. 1. 
F;, F; F; Fi F; F; F;, F:, 
a3 a4 a5 a6 a0 al a2 01 
b4 cob b6 b0 bl b2 b3 24 
c5 c6 CO cocl c2 c3 c4 36 
62 03 14 25 co3 40 51 b5 
co0 12 23 34 45 co56 60 ooa 
Case 2. t = 0 (mod 4). 
We will use the fact that (c, l&F, and (a, t - ~)EF,,. The details of the construction of 
Ff are as follows: 
(i) For l<i<t-3, we define F:=F” i- 
(ii) For t+ 1 <i<2t- 1, we define 
with 
F: u { (~0, i)} if 
FTu{(co,i,i+l)} if 
Fru{(co,i+l)} if 
Fi if 
F;,=F,* u {(oo,O)}, 
i E 1 (mod 4), 
i E 2 (mod 4), 
i E 3 (mod 4), 
i E 0 (mod 4), 
(2.2) 
FI=Fi for i=t-2 and t-l, 
F;=F, u {(a,~, l))\{(c, l)}, 
FL=Fz~u((~,~, t-l)}\{(a,t-l)}, 
F’,={(b, a),(O, Mt-2,t)J 
u{(i,i+l)leither 2<i<t-4 is even, or t+l<i<2t-1 is odd}. 
Then 9’={ F:lO<i<2t} u { F’,} forms a PSOF of a (2t+2, 2t+5)-graph G so 
that G” consists of two disjoint cycles S and {0,2, . . . , t -2, a, t, t +2, . . . ,2t, 
1,3,...,2t-1) 
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Example 2.2. Applying Fig. 2, we can construct an OF of a (9,12)-graph H so that 
H” = {a, b, c} u {0,2,4,6,&l, 3,5,7} as illustrated below: 
a4 a5 a6 a7 a8 a0 al a2 a3 
b5 b6 b7 b8 b0 bl b2 b3 b4 
c6 c7 c8 CO cl c2 c3 c4 c5 
73 84 05 16 27 38 40 51 62 
82 03 14 25 36 47 58 60 71 
01 12 23 34 45 56 67 78 80 
The PSOF of a (10,13)-graph G so that G”=(a, b,c}u(O, 2,00,4,6,8,1,3,5,7} is 
constructed as follows. 
FL F; F; F; F: F; F; F; F; Fb, 
a4 a5 a6 a7 a8 a0 al a2 coa3 01 
b5 b6 b7 b8 b0 bl b2 b3 b4 24 
c6 c7 c8 CO cocl c2 c3 c4 c5 cob 
73 84 05 16 27 38 40 51 62 56 
82 03 14 25 36 47 58 60 71 78 
co0 12 23 34 45 co5 co67 co8 80 
Case 3. t = 1 (mod 4). 
Using the fact that (b,t+2)EF,, (c,l)~F, and (t+2,t+5)~F,+~, we give the con- 
struction as follows: 
(i) For 2<ia-1, we define Fi=Fy. 
(ii) For t + 5 < i < 2t, we define Fi as in (2.1), with 
F~=W-J{(~,O)}, 
F~=F,u{(co,b)}\((b,t+2)}, 
F;=F,u{(c~c, l)}\{(c, l)}, 
FiEFi for i=t+ 1 and t+2, 
F:+3= F,+,u{(co,t+2,t+5)}\{(t+2,t+5)}, 
F;+zs= F:+44(~, t+4)), 
Fb, = { (0, 1), (00, a), (r + 1, r + 3), (b, r + 2)) 
u{(i,i+l))either 2<i<t-1 is even, or t+4<i<2t-1 is odd}. 
It should be noted that the construction in case 3 does not apply to the case t= 1. 
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Fig. 2. 
Example 2.3. The following is a construction of a PSOF of a (4,7)-graph G so that 
G”={a,b,c}u{0,1, co,2}: 
F; F; F; Fb, 
al a2 a0 ooa 
b2 cob bl b0 
cm0 cl c2 12 
Case 4. t = 2 (mod 4). 
Using the fact that (a,~+ ~)EF, and (c, ~)EF,, we can give the construction as 
follows: 
(i) For 2<i<t-1, we define F:=Ff’. 
(ii) For t + 2 < i < 2t, we define F: as in (2.2), with 
Fb=F,*u((~,O)}, 
F’r =F,u{(m,a,t+ l)}\(W+ l)}, 
F;=W{(~,c, l)}\{(c, 1)}, 
F;+I=F,+I, 
J%={(O,l),(r,t+2),(~,b)} 
u{(i,i+l)leither 2<i<t-2 is even, or t+3<i<2t-1 is odd}. 0 
Example 2.4. The following is a construction corresponding to the case t = 2 with the 
aid of Fig. 3: 
Fo FI F2 F3 F4 
a2 a3 a4 a0 al 
b3 b4 b0 bl b2 
c4 co cl c2 c3 
01 12 23 34 40 
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FL F; F; Fj F; Fb, 
a2 ooa3 a4 a0 al 01 
b3 b4 b0 bl b2 24 
c4 co ax1 c2 c3 cob 
coo 12 23 34 40 
Fig. 3. 
3. Cartesian product 
In this section we consider the factorizability of Cartesian product of two regular 
graphs G and H. It was proved in [3,4] that G x H is one-factorizable if either G or 
H is one-factorizable. The reader is referred to [lo] for further results concerning the 
one-factorizability of Cartesian product of graphs. The main result in this section is 
that G = C, x K, contains a PSOF whenever m, n > 3 are both odd. We first prove the 
following lemma. 
Lemma 3.1. For any odd integer na3, the complete graph K, contains a (1-2)- 
factorization Y = { Fi IO < i< n} so that F, is a pseudo-l-factor and Fi is an almost- 
pseudo-l-factor for all 0 < id n - 1, with the exception that, for some 0 < i < n - 1, Fi is 
a (l-2)-factor with irregular strength 5. Moreover, for each 0 < i < n - 1, Fi contains two 
distinct cliques (xi} and {yi} with the property that xi #xi and yi#yj for all 
O<i#j<n-1. 
Proof. Lemma 3.1 is trivial when n = 3. The following is a construction in the case of 
n=5: 
f’o Ft F2 F3 F4 f’5 
1 2 3 4 5 25 
2 3 4 5 1 14 
345 15 123 24 
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Now assume n=2m+l, where m>3, and V(K,)={ccz, cor,O, 1, . . ..2m-2). For 
O<i<2m-2, we define F~={(oo,,m+i))u{(m+i+j,m+i-j)(2dj<m-l), and 
1 
FTu{(ab i)}\{(i, i+ 1)) if i = 0 (mod 4), 
F!= Flu{(co,,i,i+l))\{(i,i+l)} if i=l(mod4), 
’ F~u{(co,,i+l)}\{(i,i+l)) if i = 2 (mod 4), 
Ff if i E 3 (mod 4). 
We also define x~~_~=~~,,,=co~, ~ ,,,=y2,_~=co~, xi=m+i-1, yi=m+i+l for 
0 < i < 2m - 2. We now construct he (1-2)-factorization F = (Fi IO < i < 2m + l} in two 
cases. 
Case 1. m=2t-1. 
F,=Fi for O<i<4t-7, 
Fw6=%-6, 
F41_5=F~t-5u{(cc2,4t-5,4t-4)}\{(4t-5,4t-4)}, 
F4t-4=FL, 
F4f_3={(i,i+2)1i=0 or l(mod4) and OGi<4t-7}, 
F~,-2={(4t-5,0),(4t-4,l)}u{(i,i+2)~i~2or3(mod4)andO~i~4t-9}, 
F,,_,={(c01,co2),(4t-6,4t-4)}u{(i,i+1)~O~i~4t-S is even}. 
Example 3.1. The following is a construction in the case of m = 3: 
Fo FI F2 Fa Fa FS Fe FT 
co20 00~12 23 co234 40 02 30 03~002 
0013 co,4 oo,o 0011 00~2 13 41 24 
2 3 4 0 1 001 aI2 01 
4 0 1 2 3 002 a1 
Case 2. m = 2t. 
Fi=Fi for O<i<4t-3 and i#2t+l, 
F 2,+1=F;,+~\((0,4)), 
F41-2=FXr-z, 
F,,_,=((i,i+2))i=O or l(mod4) and l<i<4t--3}, 
F4t={(0,2,4)}u{(i,i+2)1iz2 or 3(mod4) and 3<i<4t--21, 
F 41+1={(001,032))u{(i,i+1)(0~i~4t-4iseven). 
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Example 3.2. The following is a construction in the case cf m = 4: 
Fo Fr Fz F3 F4 F5 Fe F, FB Fg 
co14 co,5 co,6 co10 co,1 co,2 co,3 13 024 colcoz 
co20 co212 co23 34 co,4 00~56 60 46 35 01 
62 03 14 25 36 51 50 61 23 
3 4 5 6 0 1 2 001 co2 45 
5 6 0 1 2 3 4 002~01 
It can be checked that the (1-2)-factorization 9 = {Fi 1 O<i<n} of K, constructed 
above satisfies all the conditions in Lemma 3.1, hence completing the proof. 0 
For convenience, we let Ao,A1, . . . . A,_ I denote a partition of the vertex set of 
G=C,xK,, where Ai={UijlO~j~n-l}, SO that two vertices x and Y in G are 
adjacent if and only if they are in the same partition, or x = aij and y = U(i + l)j for some 
O<i<m-1 and O<j<n-1. Let Ti={UijU(i+l,jIO~j~n-l} denote the set of 
n edges between Ai and Ai + 1, and Yr = { F$I 1 < j < n} denote an OF of the subgraph 
of G induced by AiUAi+ 1 for 0 < i < m - 1. Then we have the following result. 
Theorem 3.2. C, x K, contains a PSOF whenever m, n2 3 ure both odd. 
Proof. By Lemma 3.1, we may select a (1-2)-factorization 9’ = { Fi I 0 <i< n} of K,, 
where V( K,) = A0 , satisfying all the properties given in Lemma 3.1. Let 
d = {&i I 0 < i < n - l} be a near-one-factorization of K,, where I’( K,) = Al, such that 
di contains the clique {ali) of order 1, where ali is adjacent o xi in G= C, x K, for 
O< i< n- 1. Similarly, let g= {pi I O<i<n- 1) be a near-one-factorization of K,, 
where V(K,)= A,,,_ 1, such that gi contains the clique (a(,- l,i} of order 1, where 
a(,,,_ l)i is adjacent o yi in G = C, x K, for 0 <i< n - 1. 
NOW define Ff=(di\{uli))U{(u li,Xi),(b~,-l,i,yi)}u(F:\(xi,yi})U(~i\{b~m-l)i}) 
for O<i<n-1. We then define F,,=F~uT~uT~u~~~uT,,,_~, and Fi=FrUF$iU 
F~iu...UF~-3~iforO~i~n-l.Thenitcanbecheckedthat~={FiIO~i~n}forms 
a PSOF of the graph C, x K,. This completes the proof of Theorem 3.2. 0 
4. Composition of graphs 
It was proved in [2,9] that if H is a nonempty graph with an OF and G can be 
factorized into l-factors and 2-factors, then H(G) and G(H) are one-factorizable. It is 
natural to ask the pseudo-one-factorizability of G(H). In this section we will consider 
the factorizability of G(Kh), where ma3 is odd, given that G contains a PSOF. 
Given any (k, n)-graph G, a graph H is said to be of type mG if H is obtained from 
K,,,(G) by deleting an (n- k)-factor from each of the complete bipartite subgraphs of 
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K,(G) joining two copies of G (hence, H will be regular of degree mk). Then we can 
easily check the following lemmas. 
Lemma 4.1. G(Kk) is of type mGfor any regular graph G. 
Lemma 4.2. Zf G is a (k, n)-graph containing a PSOF and krO(mod 4), then so is any 
graph H of type mG; if G contains an OF, then so is any graph H of type mG. 
Proof. Let 9 be a near-one-factorization of K,. First assume that G is a (k, n)-graph 
containing a PSOF and k s 0 (mod 4). Given any near-l-factor F of 9, replace an edge 
in F by a l-factor of the corresponding k-regular bipartite graph, and the only vertex 
in F by a pseudo-l-factor of the corresponding copy of G. By a result of K&rig, each 
regular bipartite graph of even order contains an OF (e.g., see [ll]). Hence, each 
l-factor of 9 will produce k edge-disjoint pseudo-l-factors for the graph H of type 
mG. This will give a PSOF for H. The proof is similar if G contains an OF. 0 
Corollary 4.3. If m and n are both odd, and G is a (k, n)-graph containing a PSOF, where 
k=O(mod4), then G(Kk) contains a PSOF. 
Lemma 4.4. K,(Kk) contains a PSOF when m is odd. 
Proof. Let Au&C be a ‘tri-partition’ of the vertex set of G = K3(K&_ 1) so that two 
vertices in G are adjacent if and only if they are in different partitions, where 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
For convenience, we will use x’yj and vxi to denote the column vectors 
CxiYj xi+lYj+l ... xi-lYj-ll’ and CuXi UXi+1 ... UXi- 11’ 
of order 2t - 1, respectively, where u is a vertex in G, x and y can be a, b or c. Note that 
each coordinate of x’yj and uxi corresponds to an edge of G. It can be easily checked 
that the 2t - 1 rows of the matrix B of order 2t - 1, defined by 
B=[a’b’,a2’-‘b2 ,..., ,r+lb’,a’b’+’ ,..., a2b2’-‘1, 
form a one-factorization of the complete bipartite graph K(A, B). We now construct 
a PSOF of G as follows. 
Let X’ denote the (2t - 1) x (3t - 2) matrix 
[u1b1,c2t_lu2f-1,b2c2 ,..., c,+laf+l,btc,,u’b’+l ,..., u2b2’-I]. 
Clearly, 
&‘+‘)/Zi b(2t+l-r(t+1)/21)= [ w v]t 
is a column vector of the matrix X’, where W(v) is the first t (last t - 1) coordinates of 
the column vector a[(‘+ i)‘21b(2t+ l-r@+ 1)/21). We now let 
S=[c1 w Iq 
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(hence, S consists oft triangles and t- 1 edges). We then obtain the matrix X from X’ 
by replacing the vector a[(‘+ ‘)‘*1 b@+ ’ -r”+ ‘~~1) by S. 
Now, let Y denote the (2t- 1) x (3t-2) matrix 
[U,a 2t-lb2 ) u2r-zb3 )...) d+lb’, c,a’, bf+lc,+l, . ..) C2u2,b2~-1C2t_l], 
where 
U=[u1 u2 . . . z&l]’ 
is defined as follows: 
I 
clUi if ci is contained in some edge of I’, 
Ui= cl bi if bi is contained in some edge of I’, 
cl otherwise. 
It can be seen that the subscripts of uls and his in the vector V are all different. 
Hence, we can check that the 4t-2 rows of the matrices X and Y form a PSOF of 
G=K3(K&r). 
This completes the proof of Lemma 4.4. Cl 
Example 4.1. The following is a PSOF of K,(K’5) by the construction of Lemma 4.4: 
albl c5a5 b2c2 c4a4 b3c3 
a2b2 c5al b3c2 c4a5 b4c3 
a3 b3 c5a2 b4c2 c4a1 03 
a4b4 c5a3 bsc2 c4a2 hc3 
a5b5 c5a4 hc2 c4a3 b2c3 
cl@ a5b2 a4b3 c3a3 b4c4 
cl alb3 a5b4 ~3~4 bsc4 
clb3 a2b4 eb5 c3a5 blc4 
clb4 a3bs a2bl c3a1 b2c4 
cl a5 a4h a3b2 c3u2 b3c4 
a3 h 
a& 
ash 
al b2 
a2 b3 
c2a2 
c2a3 
c2a4 
c2u5 
c2a1 
clad5 
clad1 
cl a& 
ash 
alh 
bscs 
hcs 
b2cs 
hcs 
b 4c5 
Note that K3(K;) is a graph of type mK3 for any integer m. Hence, Lemma 4.4 
suggests a much stronger result, and we have no hesitation in making the following 
surmise. 
Conjecture 4.1. Every graph of type mK3 is factorizable. 
Parker [S] proved that the graph G = C,(K;) is one-factorizable if the order of G is 
even. Note that any triangle-free regular graph of odd order contains no PSOF by 
definition. Hence, Lemma 4.4 immediately implies the following result. 
Corollary 4.5. Zf the order of G = C,(Kk) is odd, then G contains a PSOF ifund only if 
n=3. 
Pseudo-l-factorizations of regular graphs of odd order 383 
Theorem 4.6. Let G be a k-regular graph of odd order n, where k ~2 (mod 4). Zf 
G contains a factorizable 2-factor HI such that Hz = G- HI is also factorizable, then 
G(Kh) is factorizable, where m > 1 is odd. 
Proof. Since G=HIuHz, we can easily check that G(K&)=H1(Kh)uHz(Kh), where 
H,(K;) and H,(K;) are edge-disjoint. Lemmas 4.2 and 4.4 imply that H,(K;) and 
Hz(K;) are both factorizable; hence, so is G(Kk) by Theorem 2.3. 0 
Note that the conditions in Theorem 4.6 are not very strong by Lemma 2.4. In 
general, we guess that G(K;) is factorizable as long as G contains a PSOF and has 
degree at least 4. 
It was proved in [S] that any complete n-partite graph K,(Kk) of even order has an 
OF. Hence, Theorems 2.5 and 4.6 immediately imply the following results. 
Corollary 4.7. Any complete n-partite graph K,(Kh) is factorizable. 
Lemma 4.8. Suppose m and n are both odd integers. If Conjecture 4.1 is true, then every 
graph of type mK, is factorizable. 
Proof. Clearly, any graph of type mK, is factorizable if n = 1 (mod 4) by Lemma 4.2. 
Hence, we may assume n=3 (mod4). Let G be a 2-factor of K, consisting of two 
components G1 and Gz so that G1 is a triangle. Then G’ is factorizable by 
Theorem 2.5. 
Now, let H be any graph of type mK,. Then one can easily check that H contains 
a subgraph HI of type mG (hence, H-HI, the complement of HI in H, is of type mG’). 
Moreover, we may require that HI consist of two components HII and HIz so that 
HII is of type mG1 and HI2 is of type mGz. 
Note that HI 1 is factorizable by assumption, HIz and H-H1 are factorizable by 
Lemma 4.2. Lemma 2.1 implies that HI is factorizable. Hence, H is factorizable by 
Lemma 2.3. 
Theorem 4.9. Let G be a 2-regular graph of odd order such that the order of each 
component of G is a multiple of 3. Then G” contains a PSOF. 
Proof. It can be seen that G’ is a graph of type 3K,. Hence, it suffices to show that 
every graph H of type 3K3 contains a PSOF. But H is a (6,9)-graph, and H contains 
a PSOF by Lemma 2.2, Theorem 2.5 and Corollary 4.7. This completes the proof of 
Theorem 4.9. 0 
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